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Mixed w’riatfonal,anmaﬁm of A-Saddie Point Problem in
. Elasticity - '
. Ohn Mar Mying -

Abstract .'

The objeciive .of this. paper is to present mathemaucal structures that are
fundamental for solving elasticity- ‘equations. We discuss a classificationi of
 variational principle and of weak tormulanon Then a'variational equation ofa -

saddle point problem is derived.

Bahuska's Theorem
Let Z and V be two real Hilbert spaces with scalar products (., .). and
( ; .)v respeciively. Let ¢(r,v)bea bxlmear form on TV such that

kevisalellvl, veenvvev,
mf sup c(t,v).2 y> 0, - e e - (1.2)
IT =1 Msl . . & :

 sup efr,v)> 0VveV, vz0, " (1.3)

1L
where o <o, Then, for a functional ge;\‘/‘-‘, there exists a unique element
T,€Z such that - 4 '

7

A

4 : .
C(‘M)*\g’ )v W VeV, T e
. b, [ HE _
7 l! i, <-le] - - (1.3)
. = / .
Proof : The proof con_sists offourstep.- - - - Iy
Step 1:  From (1.1) for every e,
: L | : _é)r(-\;) -::c(-s;, 1‘;}_ -

15 a linear functional on V with the norm

e il e
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'Mixed Variationa] Formulatigy of A

l!}lasticity
Ohn Mar Myin

variational principle and of weak |
saddle point problem ig derived.

" Babuska's Theorem

Let Z and V be two real Hil

ir%f supc(t,v) 2 v> 0,
F‘T’;’ﬂ=1 ML

sup c(r,*.?):» 0 VveV, v#£0,

- TeL

C(Tg, v):(g, V>v'xv’ YveV,

»

s, ][;S%llg”-

- Proof ; The proof consists of four steffS.

Step 1:  From (1.1) for every T€ X,

¢,1 (v) =0 (_‘t, V)

& i52linear functional on V with the norm
;

et ol e "Mandala
i T, Departriont of Mathematics, Univeisity of Ma A

e ———

Saddle Point p

le(x, V)I:‘_:(I“T”z Iv], VieX,YveV,

(1.5)

roblem in

bert spaces with scalar products (.1, and
(. ‘>V respécti\'/ely. Let ¢ (t, v) be a bilinear form on Z » V such that

¢1|’

(1.1)
(1.2)

(1.3)

Ewhere o < oo Then, for a functional - ge V., there exists a unique element
B tcX suchthat

(1.4)
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(1. \.)\ < af T\\ A

__supit

v.sl

\1"’ '\

gz theorel fmd
Thus we may » rite, by Riesz theorent, Yy eVi
! \ . ;
/ Y=o T Y
(\\ e V!’ v i )
* app! 310 hat
1 e.. there exists @ mapping R of = to V such tl

(@ (), v) = (B V) (L7)

and
=]s o 19

® is linear and continuous.

We see that
wthat ®( %) isaclosed set in V. Weha §

Step 2:
to show that ® (X)=R(2)

Now we will sho

Let ve®(Y). Therefore -‘v“ e® (%) such that v, 23,
There exist T, € 2 suchthatv, =R (Tn ) .

(v }isa cauchy'sequence @R (3 )

vm ' Vn “V

R ()R (), =

since fr, .y < 2R (s, -5 )= T v

(il :
T} is & cauchy sequence in ¥, which is complete. -

So there exist t1€2 suchthatt —)'t °

Thus R (Tn ) TR (‘L’) =

(' IR A S
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arie and let
, o gymmetric and
Agsume that the form a 18 Sy -

. = V|, ) 1)
U,={t€ I b(t,v) =& Ve YNE ¥} g

The problem tofined by (2.1) and (2.2) can be viewnd as a constraing F'
€ '

" optimization problem % i
Findo € U'g such t at o is a point at whic

min ('}5 a(t, T )4 i >:f:*xz:} (2.4)

telp

is attained.

Introducing a Lagrangian multiplier and calculating using variationa|
method, we see that (2.1) and (2.2) will be satisfied if this minimum occury,
~ when

a(c,r)—(f,t):wb(‘r.u)\a’r €. st (2:3)

The minimization problem thus yields the system of equations defined by ]

(2.1) and (2.2). The first component ¢ of this problem will be an optimal
solution of (2.4).

Now we return to the weak formulation defined by (2.1) and (2.2). For
a weak solution of these equations to exist and if so, to be unique, certain §
criteria have to be satistied. The bilinear forms a and b induce lincwr &
continuous operators 4: Y, — ¥ and 3: Y, — V*, defined by ;

10,1y,  =a(o,1) . Vrey, (2.6)
(B t. V). .= b,v) IWyveV. 2.7
We also define

@' the adjoint operator of @ , by:
(8 V’T>>:'xz= b(TaV) Vie Y. 5 28
Then (2.1) and (2.2) are equivalent to

Ao + @'y =¥, (2.9)

B oo T @10




arence to these Operators, we are able tq gy, neces
o for a solution to exist. : ~eSsary and Sufficign;

1 (Babuska—Brezn Theorem)

jution (6, 1) to the PTOblem defi
A lslot Ined by (2 1) and (2 0) kit
rﬂ‘rldcdt A

he operator A is coercive on the kernel of @,

That is, there: sz
ve constant o such that i there exists 5

POSH Bes i
sw el Vreu,
where ot L)
U, = {1€Z|b(1,v)=0 VveV}.

(i) Given v el A% qth_ere exiSts a ‘non~z'er0: 1ey and a positive constant § such
. that | | . . ”
' By

 When a solution & exists, it W111 be umque Slmllarly, u will be unique up {0
' melement in the kemel of ®.

' Se: Ronges, M. E _for proof
-~ Theorem 2.2 | :

Letg e R("B) o range of B and let the bilinear form a (. , .) be coercive
- 0 Ker 3, that is, there, cx1sts (s DS such that |

@.11)

_. a (Tos To) = 0‘0 "To " V TO Ker 2
i Then there exists a umque solutton ce 2 of i
E | a{oft ) (e Y R i
PR 'QL“fjf: 49 (2.13)
;Pruof (BG* . g-‘ e ¢ | suppose it 15
e B 3 | et US .
| ’sal s{it:he Condltton g 2 R(Gi) is of. course necessary: L

w."d e 1!"1-]11 $G ‘“g
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= Are oy 10T 1he exisience aljd Uﬂiqucﬂess OI' G(‘r 1S Ihcreﬁ-}re iﬂé
i. ..C.b"-lfvw GO L] UL s Ay S s . :
om0ty There remains 1o check that 6 = 6, + 6 doeg
preeveayiy Conduon (.2 10 Lk g

¢ o the choice of ¢ . Indeed if we had wo solutions of (2.12) gp
SOEpend on Lne et e AL

e N - e 3 gy
: 3;.‘ wWE A lul‘.. :"13\"5 ﬂ! Gl G: € ktr i}{. und from . i.‘;)

i b LT en 1
(2.13j szy o, and

a{o, -06,.1,) =0, Vz,€Kera

zd this implies o, ~a. =0 by condition (2.11).
Mixed Variational Priaciple
Definition 3.1 :

" Y .‘_d Wt » . . " .
Letulsje 77, the gradient o a vector function u is defined as

;- - - oy L |— hi
O, 1 £ 7 .
] 1 (78} :
= -1 s | (grad u,)"
| C%y CX. 6xd
I E“d:, Eu“! au |
gradu = | & . s (grad u )T
= Ty - Ry C’J}g? Oxd- = 2
; ou Au .
; ';:.,’;L ':_i ¥ -(-?B_‘.’.. T
| OX, cx, B ( grad u,)
d ] dxd e

Notation d: ice : :
The setofd x d matrices will be denoted asen

Ve = ;
M = =Ryl It <R :i,j:I,Q,....d}
We denote gé-¢ |

as t f real 1
he space qf real symmetric dxd matrices .
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4 pefinition 3.2 S e 9
The divergence of a matrix £, .. \
14 ﬁmctl()n T & dxd
oty Ot ; 4 '3 defineq
—— el e 0% |
B £ it S e §
3 : 2 e 5xd div -1;|" '
atn 6'52 . e “
div T = ax axﬁ e + —2d
N /g ' axd_ ; = div i)
_5‘_‘:_5‘;1_1__'" g Oty Gr
Y _‘T‘é;‘f***.__..%—.——-@i |
, A SR i axd dxp Ly Yo ux
where % = [Tiusi T Eantia) s 1<1<d AR

| Definition 3.4

We deﬁne the mner product between vectors and the inner product
hetween matnccs by it - :

4 ..‘

. T..__ . i
R T b tvolde aidn Ao
. i=1 rr IS % y . £ 'I = v ] | ; S .
~ —y o : dxd
bt Zﬁ'ﬁmij-‘ a forje,Te R
lsj"""l 1 i v v ":

We deﬁne the *spaces (L (Q))

i ?T'M"""lc eL(Q) sl d}

5 ;
{11 1 ! i
= i Z " ij L.’(ﬂ)
=0 =t =
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uith norm |

Hu“}{(div,n) > [”uufﬁ(m)d ¥ ”div. u“r}{m]

. Definition 3.7
The space H (div, Q, s¥9 is defined by
H(div,Q, Sy = {1 eS™ |z E(L2 (Q))dxd div T e (LZ(Q'))d}
£ wﬂh norm i '

_ _ . . | :

L [ll'c!!fg(m)u + [aiv -rM;m)J :
Note

H (div, Q) and H (div, , Sd*") are Hilbert spaces..

Ln WeTlﬁegiﬂ with. the most classical example, the system of linear i
ty.-The equations of linear elasticity consists of the constitutive :

: Ko=em) inQ ¥ 31)
 and the equilibrium equation ” - T
dive=g ing ' | (3.2)
Here O denotes the resian : y &,
: Iegion in the two-(; :
elastic body. g - O-dimensiona] s ' e
Y 0:Q 5 R? denotes the djsplacemenl‘z?i:eel,c; OCCUPled e

denotes the ¢orpe :
des STain tensor, g denotes the imposed

dp:fl'gﬁ iZs are d%med by the comm tes thefstmss field. The material E
T meie opetator from qord 1 0% (ouS0r K which is 2 positve [

conally se.~1% 1




1“" AL £ A8 82 mm arny srvr g
o Joul My o v bV No. ,3

To dc,tennme a umque,.....&@l
bomdarv condition. .

by lht.

f() }O“"ng mIXBd Vaﬂﬂtlona]_- t ar IIIIIIIII ) guy baoﬁd“nth e :
Reissner prmmple e gt lS ....... a f@rm of th 0N the )

The solution. (9‘, l!.) ......... 0 f ..... B las‘udlty

| problcm
{ wique critical pomt of the functlonal ca

Jg udx- Jﬂo (0’ +A‘r) nds = .' - -

»,

:'f(z (cr cr+ Mr 1'+7ur cr+;lur T)J

Q
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'(0+?;1:,u)-- (o) ﬁj (Esg?rdx+ jdiV‘r.*udx b J.ul"'fnds:‘gri

lim e ] :

A0

.

Idivr.udx= I-uo.rnds B s R T
Q ~ . !

(.91

" So
jKﬁ:rdx+

Q

'~ divr.udx=;- If:a(u)d){+ jfrn.--uds, i
' TRpPeeT aQ _

-

'
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Mixed Problem

ey it Whi('l‘i -ih ulmmurriluic,.

of mixed v,m“;,,,,,
IH_I o Iilill ‘f’, u) if

4l principle, iy

b T K s ki “““” A il ”!“ ”Q_I l.[1.1{;_{{,3_;*_._...;{(;;_gm-l_m.
fi il 00 gt vl ] ey nl ln fm'*t | |
/ (ﬂ V) IIIIIII / (‘J ....... l !) "; IIIIIIIIIIII / (’L’, !8) (4])
AN (tliv, L2, } rmd ii“ Vt’ﬁ (l (’.‘)) Ii lulluwa from this gaddle
.I“!"'hl'l““”f ”hll Yisod :
“”“ J= i“!- B ’/ ( ”:_ VJ & / ...... ([r, “J .......... 24
ST H(niv.n,,{? 25 (4.2)
TG = !’!}Ex} ______ | /f’ﬁ; __.__VJ ...... (“' ». 43
TAICTTACY s m;rf‘}m};

J s squatre nteprable Il

. “ .
LA 0 msﬂ%h% the « mmeHVG eugintion, & priable, 0.

s g lpare e
W Fiom ! " nrlt:flim fity tht (he gradient of w s s
Elltyy,

gt
2 .ru,

R Fyee wi (e i
r_. 'V””Iﬂf!’nml fir m;,lpl:,,ﬁ m l!uvur t,J autleity cian 1

it Ll dhe -
h el Al vecto :
' k " "‘"‘*ﬂimm' ['rimirtlee Ao all (e “Wn[:;:,::[l poml of the “(“;“lx{i
by 3 e o (¢
flmpim mmnl ﬁﬁmﬁ Eﬂ"‘f e i «peing, Tt s
Iuctionat, g7, /T critient point in 1 r#"'*”‘- -
hllu (l»ﬂ! i BiEL AN L2

, : b ;” ’ i J jale RS0 I e
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I(‘my:r +c}iv1:u+.di"'5:v)dxi ﬁ[g.vdﬁ—% J.Ua.n;-

i 2
22y gaall ve L)

.8 :
forallte H (div, .S

A Problem in Elastieity ‘ :

. : _strain | tear relation redyes..

For isotopic elastic materials the stress—S wwis i fi‘vd\&.g_;
Hooke's Law:

g=rtre(u)I+2peu),

where I refers to the identity tensor and A and p (iie%lolte Lame elasicy

constants. describing the incompressibility and the rigidity of the maesd

respectively. For. homogeneous media these are constants. ‘For neaw
incompressible materials, such as rubber, A >> L.

(3.1)

The combination of the equation of motion in div & = g, Hooke's L §
for a homogeneous medium and the strain-displacement relation givs & |
- following set of equations: '

divo =g, <) (_.:::
¢ =kdivul+ y(grad u+ (gradu)T ). .2
‘Consider the linear elasticity problém;' defined by the sysied ;

-

)bon opeti, bounded domain Q < R%In 3d=™?
i_OundaIy conditions must be enforced t© <0
%, We will consider Dirichlet conditions ¥ ™ B8

- ©quations (5.2) and (53
i T-bes_ff equations a set of
i --'tkf'g_'syétgm; For simplic

v

T R s R
el .. ‘. ‘.o:‘k:‘mié\ijd’:‘l‘\ j’___— ";_" i:h‘: “.(rx‘;‘__—t_: u')fﬁ-' . .-'; o8} Lo ; .; \_1 i
i 8 Observatibidn b, 0 e : -
relation ine - ot i CSithe ‘Invalaedods PO S e et o
3 ST T R TR e A OTOTEGSEINRIR ARG T e TS

oslied
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| . . : me | N =

a8 l
b1 we ]et «( =— oty , then by deﬁn
3 i o ltmn the sirain g cyp b dec

"".'--term" of thf/ displacement u and i 1t:~, rotatmn T, as dis

ayedin
=gradu--y J 7
0 S (5.6
where J ] 0 '

.n order to obtain a Weak formulatwn of (5.5), we multiply it by
fest function T € H(dlv Q SM) and mteg,rate over £, Thus, the aymme;r

&+ reqmrement on the stress tensor i is enforced through a restriction of the space
@ oftest functions. Now we calculate

I(—mo':r — Ky e tr g [ 7~ a'rld:f-f)
24 4 +u) b

10 get

Fedles &

Jl g , trcrtr’r]dx“(’f gradu, =0 (5.7)
2 %ﬂl+u) T

S since 1 is symmetric. For brevity, ¥

‘ e denote:
where 7:J = ~1,, 41 :

-

i
oty

((@0,.1}) = -2—1-1—0' S Ot )
- Dirichlet

| < 7, applying W1
. “eration bY Parts Jon: the. dxsplacﬁ:mﬁ'n’£ term of (5.7), 2PPL

hdary condltwns, we have



Arts & Se. 2018 Vol ViR, , |

Jour. Myati- Acadl.

h{ﬂd AS H ( l] ..........

5 orm { 03 U’ and (dw T, u) are contmuous, we obsmc that this «,q uf
i cquatwns ﬁfs mto the framework for saddle pomt prob]cm.s._ fire &
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