Hausdorff Distance between Subsets of a Metric Space
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Abstract

In this paper, after defining Hausdorff distance, the properties are described. Then, the space of
closed and bounded subsets of a metric space endowed with the Hausdorff distance is presented.
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Introduction

The Hausdorff distance gives the largest length of the set of all distances between
each point of a set to the closest point of a second set. We will study the Hausdorff distance
between two subsets of a metric space (see [Rudin, W., 1953]) and the space of closed and
bounded (see [Rudin, W., 1953]) subsets of a metric space endowed with the Hausdorff
distance.

Definitions 1
Let (X, d) be a metric space and A, B be nonempty subsets of X.
We define d(a, B) = ti)nf d(a, b). If B= , then we define d(a, B) =x.
eB

If B ,then 3b e B andso d(a,B):ki)nf d(a,b)<d(@,b)<ow.
eB

Thus 0<d(a,B)<w,if B=J. Wealso define e(A, B) = supd(a, B). Thene (A, B) is
aeA

called excess of A over B . The Hausdorff distance between two sets A and B is defined as

Example

Let Aand B set defined by A={(x,y); 0 <x<1,0<y <1} and let
B={(x,y);3<x<5,0<y<4}

If (a1, a2) € A, then d ((a1, a2), B) =d((a1, a2), (3, a2)) =3—as.

Since 0 < a; <1, we find that e (A, B) =3.

If (by, by) € B, then d ((by, by), A) =d((by, by), (1, a;)) where 0 < a, <1, which varies
our choice of (by, by). We find that

e (B, A) = d((5, 4), (1, 1)) =5.

Therefore the Hausdorff distance is given by du (A, B) = e (B, A) = 5.
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Lemma 1
Let A, B, C be nonempty subsets of a metric space (X, d) . Then we can verify the
followings:
€)] e(A, B) isnot necessarily equal to e(B, A) .
(b) 0<e(A,B)<x and e(A,B) <, if X isbounded.
(c) e(A,A)=0
(d) e(A,B)<e(A,C)+e(C,B)
(e) If N(A)={xeX]|dx,A)<r},

then e(A,B) = inf r and since the map x:+—d(x, A) iscontinuous N(A)
r>0, AcN,(B)

IS open.
(f) d@,B)=0 = ae B,
(99 e(A,B)=0 < AcB.
(h) If Ac B then e(A,B)=0.
0) du(A,B)=0< A=B
Proof:
@ Let A={1,2}and B={5,6,7}

e(A,B)=sup{d(1,B),d(2,B)}=sup{4,3}=4

eB,A)=sup{d(5,A),d6,A),d7,A) }=sup{3,4,5}=5.
(b) It is obvious that e(A,B)> 0.

If X isboundedthen 3 M >0suchthatd(x,y)<M,V X,y e X.

Thenforany x e A,d(x,B)= )i/r;de(x,y)SM,so that

e(A,B)=supd(x,B)<M<w.
XeA

) Ac A= eA,A)=0.

(d) Takeany ¢>0anda €A. Sinced(a,C) = inf d(a,c)<d(a,C) + %
ceC

JceC suchthat d@a,c)< d@@,C)+ < < supd@,C)+ < =e(A,C)+ = .
acA 2 2

Similarly, 3b e B such that d(c, b) < e(C, B) + % .

Then, d(a, B):ti)nfB d(a,b)<d(a,b)<d(a,c)+d(c,b)<e(A,C)+e(C,B)+e.
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Thus e(A,B)= supd(a,B) < e(A,C)+e(C,B)+¢e ,andsince ¢ isarbitrary it
acA

follows that e(A,B)<e(A,C)+e(C,B).
(e) LetL=e(A,B)= supd(a,B).Thenforanyae A,d(a B)<L.

aeA
So, Ac N.(B) and inf r <L. Suppose inf r <rp<L.
r>0, AcN,(B) r>0, AcN,(B)

Then 3r>0 suchthat Ac N(B) and r<ry. Then Ac Ny, (B).

Thus, X € A= d(x, B) <rpand so e(A, B) =sup d(x, B)<ro<L=¢(A, B).
XeA

So, inf r >L and inf r =e(A, B).
r>0, AcN,(B) r>0, AcN,(B)

(f) Suppose d(a,B)=0.Then Vne Z", linf d(a,b) < L
eB n

So,3 by, € B suchthat 0< d(a, by) < % —0. Thus, b, >a and a e B.
(0) Suppose e(A, B) =0. Then sup d(a, B) =0,and d(a, B) =0, Vae A.
acA
Thus ae A=d(a,B)=0 = ae B whichimpliesthat Ac B.
On the other hand, suppose that A B.
Takeanya € A, andany €>0. Thensincea € B, 3 by € B suchthat d(a, by) <e.
Thus 0<d(a,B)= lir;de(a,b)sd(a,bo)<s, Vv £>0.

Thus0<d(a,B)<g,Ve>0andso

d(a, B) =0 which implies that e(A, B) = sup d(a, B) =0.
aeA

(h) It is obvious.
(i) dA,B)=0<=e(A,B)=0and e(B,A)=0<Ac BandBc A
< AcB and Bc A< A=B.

Definitions 2

Let (X, d) be a metric space and A and B be nonempty subsets of X . We define
E«(A) = {xeX| d(x,a) < e forsome acA}. E,(A) is called the s-expansion of A. Itis

obvious that E.(A) = |J B(a, €) = union of all e-balls around points in A. We also define
acA
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H(A,B)=inf{e>0| AcNi(B) and B < N,(A)},
DA, B)=inf{e¢>0 | A c E(B) and B < E.(A) }, and @3(X) as the space of nonempty

closed and bounded subsets of X.

Lemma 2
Let (X, d) be a metric space and A, B, C be nonempty subsets of X. Then we can
deduce that
(@  E«A)=NA).
(b)  H(A, B)=D(A, B).
() du(A,B)=D(A,B).
(d) If &1 <¢, then N, (A)c N, (A).
() If AcNg(B) and B = N(C), then A = Nx(C).
()] If A is bounded then N¢(A) is bounded.
Proof:
(@  Suppose x € E;(A).Then 3a e A, suchthat d(x,a)<e.
Then d(x, A) = ;ren; d(x,a)<d(x,a)<e.SoX e Ng(A).

For the converse, assume that X eN(A) . Then d(x, A) = inf d(x,a)<e.
acA

So Ja e Asuchthatd(x, a) <e. Hence x € E¢(A).
(b) By definition, H(A , B) = inf{e > 0 | Ac N¢(B) and Bc N¢(A) }.

From (a), N.(A) = E.(A) .
Hence H(A,B)=inf{e >0 | Ac Ni(B) and Bc Ny(A) }

=inf{e>0| AcE,B) and B E(A) }=D(A, B).
By Lemma 1.(e), e(A,B) = inf{e >0| AcN(B)}.

Thus dy(A, B) =max {e(A,B),e(B, A}
=max{inf{e >0| AcNy(B)},inf{e>0] Bc N,(A)}}.

Suppose A < Ns(B) and B < Ns(A) .
Then inf {€>0| AcNg(B)}<d8andinf{e >0 BcNy(A)}<5.

So D(A,B) = inf{e >0| B = N,(A) and A= N,(B)} <.

Thus D(A,B) <&,V 6>0 suchthat Ac Ns(B) and B < N5(A) .
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Taking infimum gives D(A, B) <dn(A, B).
Suppose D(A, B) <dn(A, B).
Since D(A, B) = inf{e > 0| A c N¢(B) and B < N¢(A) }, 3 &€>0 such that

A cN¢B),BcN;(A) and & <du(A, B).Since Ac N,(B),VvVaeA,d@a,B)<ce.

So e(A,B)=supd(a,B)<e.
aeA

Similarly we can show that e(B, A) <e.
Hence du(A , B) = max{e(A,B),e(B,A)} <e<d(A,B).
So D(A, B) >dy(A, B) and consequently dy(A, B) =D(A, B).
(d) Ng, (A) = {xeX | d(x, A) <er}. Letx e Ng, (A). Thend(x, A) < 1.

Since g1 <&, d(X ,A)<gandso X € N, (A). Hence Ng, (A) c Ne, (A).

(e) LetacA. Thend (a, B) <¢, since a € N(B).

Since d(a,B) = inf d(a,y),3b e B suchthat d(a,b)<e.
yeB

Since b € N,(C), d(b,C)<e andsod ceC suchthat d(b,c)<eg.
Then d(a,c)<d(a,b)+d(b,c)<e+e=2¢.
Hence d(a,C) = inf d(a, z) <d(a,c) <2¢ andso a € Ny (C) .

zeC

Hence A < Nz(C).

()] Suppose A is bounded. So Jap e A and A >0 such thatd(a, ag) <A,V aeA.
Let xe Ng(A).Then d(x,A)<eg.

Since d(x, A) = Eiz'fb\d(x ,a), 3aeA suchthat d(x,a)<eg.

Then d(x, ap) <d(x,a)+d(a,ap) <e+Axr.
Hence d(x,ap) <e+ A,V X e Ng(A) and so N¢(A) is bounded.

Lemma 3

Let X be a metric space and A, B, C be nonempty subsets of X. Then
e(AUB, C) <max (e(A, C),e(B, C)).
Proof:

Take any x € AUB.

If xeAthen d(x,C)<e(A,C)=supd(@,C)<max{e(A,C),eB,C)}
acA
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If xeB then d(x,C)<e(B,C)=sup d(b,C)<max{e(A,C),eB,C).
beB

Hence d(x,C)<max{e(A,C),e(B,C)},Vxe AUB.

Thus e(AUB,C)= sup d(x,C)<max{e(A,C),e(B,C)}.0[
xeAUB

Lemma 4

Let X be a metric space and A, B, C, D be nonempty subsets of X. Then
e(AUB, CUD) <max {e(A, C),e(B,D) }.
Proof:

Take any xeAU B. Suppose x € A. Consider d(x, CUD). Take any y €C.
Then, y e CUD. Hence, d(x, CUD) = ZeigLD d(x, z) <d(x, y).

So, d(x,CUD) <d(x,y), Vy e C.

Hence, d(x, CUD) < inf d(x,y) =d(x, C) < sup d(x, C)
yeC XeA

=e(A, C) <max {e(A,C),e(B, D) }.
Suppose x € B and consider d(x, CUD). We will take any y €D.
Then, y e CUD. Hence d(x,CUD)= inf d(x,z)<d(x,y).
zeCUD

So, d(x,CUD) <d(x,y), Vy e D.
Hence, d(x, CUD) < inEd(x, y) =d(x, D) < sup d(x, D)
ye

xeB
Then, d(x, CUD) <max {e(A,C),eB,D)}, Vxe AUB.

So, e(AUB,CUD)= sup d(x,CUD)<max{e(A, C),e(B,D)}.
xeAUB

=e(B,D)<max {e(A, C),e(B, D) }.

Lemma 5

Let X be a metric space and A, B, C, D be nonempty subsets of X. Then
du(AU B, CU D) < max{ du(A, C), du(B, D) }.
Proof

By Lemma 4,
e(AUB,CUD) <max{e(A,C),eB, D)} <max {du(A, C), dy(B,D) }.
Similarly e(CUD, AUB) <max {e(C, A), (D, B) } <max {du(A, C), du(B, D) }.
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So dy(AUB,CUD)=max{e(AUB,CUD),e(CUD,AUB)}
< max {du(A, C), du(B, D) }. [

Theorem 1
Let (X, d) beametric space, and 3(X) be the collection of nonempty closed and
bounded subsets of X. Then (&#(X), dy) isa metric space.
Proof:
Recall that du(A , B) = max{e(A,B),e(B, A)}.
By Lemma 1 (i), du(A,B)=0< A = B. Since A and B are closed sets, A= A
and B = B. Thus we conclude that dy(A,B)=0 < A=B.
To show triangle inequality, we take A, B € C3(X).
Since A isbounded, 3 x; eXand r; >0 such that A < B(Xy, r).
Since B isbounded, 3 x; eX andr, >0 suchthat B < B(Xz, I2).
Let r=ry+r;+d(Xs, X2), and consider B(X;,r). ThenacA=d(a, X)) <r;<r.
Also beB = d (b, x1) <d (b, X2) + d(Xz, X1) < r2+ d(X1, X2) <T.
Thus AUB < B(xy,I).
If acA and beB, then d(a, b)<d(a, x;) + d(x1, X2) +d(xz, b) =r.
Thus d(a,b)<rVaeA, beB,

andso e(A,B)=supd(a,B) = sup inf d(a,b)<r<ow.
acA acA beB

Similarly e(B, A) <o and by Lemma 1 (b), 0 <dy(A, B) <.

By Definition 2,

du(A, B) =max{e(A,B),e(B,A)}=max{e(B,A),e(A,B)}=du(B, A), V A, BeCp(X).
By Lemma 1(d), e(A,C)<e(A,B) +e(B, C).

Thus e(A,C)<du(A,B)+du(B,C).

Similarly e(C,A)<dy(C,B)+du(B,A)=duyB,C)+du(A,B).

Thus dy(A,C)=max{e(A,C),e(C,A)}<du(A,B)+dyB, C). 0

Now we will study the completeness of the space CB(X).

Theorem 2
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If (X, d) is a complete metric space , then the space (C3(X), du) is also complete.
Proof:
Take any Cauchy sequence {Dx} in &»(X),andany e>0.

Observe that Dy are closed and bounded subsets of X .

So3 Ny eZ" with N;>1, suchthat j, k> N; = du(Dk, D)) < %

Similarly, 3N, €Z* with N, > 2 and N, > Ny such that j, k>N, = du(Dj, Dy) < %

Similarly, 3N; € Z" with N;> N;_1, and N; > i such that j, k > N;j = dn(Dx, Dj) < ;

So j, k> N;= max{e(Dx, D)), e(D; , Dk)}<§:> e(Dk, Dj) < ; and e(D;, D) < ;
= inf{e>0| Dxc N,(D)) } < ; and inf{e > 0| Djc Ny(DW)}< ;

Suppose j, k> N;. Then 33, >0 such that Dyc N, (Dj) with 8, < ; and36,>0

such that Dj= N, (Di) with &, <ii . But we know that &< e,= N, (D})N,, (D;) .
2

Hence, we have a strictly increasing sequence {N;} of positive integers with N; > i such that

], k=2Ni= Dxc N¢ (Dj) and Djc N ¢ (Dy) . @
2! 2!

Now we claim that, ¥ pair (x, K) with xeDy and k > N;, 3 y;jeD; for j > k such that

dix, v < @
2

By (1), xeDx = xe N, (D)) = d(x, D)) < il
21 2

Since d(x, D;) = inf d(x, y), 3y; €D; such that d(x, y;) < il
2

yEDJ
Hence, (2) is satisfied.

Now we will construct a Cauchy sequence {xx} with Xy € Dg.

For k <N;, we choose any xx € Dx. Suppose N;<k,j<N,.Let XN, € Dn; -

By (2), 3% eDjwith d(x; , X, ) <% XDy with d(xi, X, ) <§ , and also

227
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€, € _
d(Xx, Xj) < d(Xk, XNl) + d(XN1+ Xj) <§+§_ c.

€

Hence xp, € Dy, and d(Xn,, XN, ) < 5

Suppose N2 <j,k<Njs.

Applying (2) again, 3 xj € Dj with d(x;, XN, ) < iz 3 xx € Dx with d(xx, XN, ) < iz ,
2 2
and also d(xy , X)) < =+ < £,
( k J) 22 22 2

Hence we have a sequence {xi} with X« € D¢ and for N;<j, k 3 x; € D; with

d(Xi, XN, ) <, 3 X €Dy with d(Xe, X, ) <=, and also d(X, X)< > +-> <2
! 2! I ol ol ol oi-

It is obvious that this sequence is a Cauchy sequence and so it has a limit point say Xo.
Let F be the set of such limit points of sequences {xx} with Xxx € Dx.

i.e., F=liminf D,. Then F is closed and we have proved that F = &.
N—o0

Take any xeDy, with k>N;andj>k.

Then d(x, X;) <d(x, XN, ) +d(xNi VXN, )t d(XNj_l,XNj)'I‘d(XNj,Xj)

<E+i+,,+i<s(l+i+...)=e.

2 22 7 9l 2 22
Since Xk — Xo, INeZ" with N> N; such that k>N = d(xo, Xk) < &.
Suppose k> N. Then d(x, Xo) <d(x, X;) +d(X;, Xo) <&+ ¢=2¢.

Hence d(x, F) = inf d(x,y) <d(x, Xo) <2e andso xe Ny (F).
yeF

Hence Dxc Ny, (F).

Now we will show that F < N¢(Dn).

Takeany y € F. Then 3y, € D, such that y, > .

Thus for sufficiently large n, d(y,, y) < /2.

We also have n, m > N1= dy (Dy, Di) < /2.

Hence n>N = D, c N;(Dn) and Dy < N¢(Dy) since N> Nj.
Then d(y, Xn) <d(y, yn) + d(Yn, Xn) <e/2 + €/2 =& =y € Ng(Dy).
Hence F < N¢(Dy) .

But n>N = Dy < N¢(Dy). Thus F < Ny(Dy) .
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Hence n>N = D, c N2 (F) and F < No(Dy) = dy(Dn, F) < 2¢.
Hence D, —»> F andso (&3(X), dy) is complete. O

Conclusion

The Hausdorff distance is a measure that assigns a nonnegative real number as the
distance between sets. Given a metric (X, d), we found the Hausdorff distance and defined the
Hausdorff metric (CB(X), dy) on the space of nonempty subsets of X. Finally, we proved that
if (X, d) is complete, then (CB(X), dy) is complete.
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